The switching of optical solitons in a nonlinear fiber coupler is investigated by an approximate variational method that includes the effect of dispersive radiation. The solutions of the variational equations are in good agreement with full numerical solutions of the coupled nonlinear Schrödinger equations that govern the fiber coupler. In particular, it is found that to obtain an accurate description of the switching process and of the evolution of the solitary waves in each core of the fiber coupler one must include the effect of the dispersive radiation shed as the solitary waves evolve. As a consequence, the present variational method gives much improved results compared with other variational methods that do not include dispersive radiation. © 1997 Optical Society of America [S0740-3224(97) 
INTRODUCTION
Nonlinear twin-core fibers have been the subject of much interest and research over an extended period because they form the basis of a possible fast all-optical switch. The theoretical analysis of nonlinear fiber couplers was originated by Jensen. 1 However, Jensen's analysis was a steady-state analysis and so can be applied only to quasi-cw cases. In particular, it cannot be applied to pulse switching, which inherently has a transient component. A drawback of nonlinear twin-core fiber couplers is that a pulse launched into one of the cores usually breaks up at the output because of the intensity-dependent coupling of the signal. 2 It was then shown by Trillo et al. 3 that this liability can be overcome by use of optical solitons as the input signal. This observation has resulted in extensive theoretical analysis of the behavior of solitons in dual-core nonlinear couplers, and much of this research is summarized in a review paper by Romagnoli et al. 4 Most of the theoretical analysis of soliton switching in nonlinear couplers has been based on full numerical solutions of the coupled nonlinear Schrödinger (NLS) equations that govern the coupler. However, some perturbation analysis has been performed in the limit of small coupling 5, 6 ; this analysis was used to derive coupled solitary-wave solutions. An extensive bifurcation analysis of the coupled NLS equations that govern a nonlinear fiber coupler has been undertaken by Akhmediev and Ankiewicz, 7 Soto-Crespo and Akhmediev, 8 and Akhmediev and Soto-Crespo. 9 Those researchers found that there are four possible coupled solitary-wave solutions of the coupled NLS equations. Two of these correspond to symmetric and antisymmetric solitary waves in the two cores. The symmetric solution was found to be stable for a wide range of amplitudes, whereas the antisymmetric solution was found to be stable for only a restricted range of amplitudes. The other two coupled solitary waves, called A-and B-type states by Akhmediev and Ankiewicz, 7 are asymmetric coupled solitary-wave solutions. The A-type state is stable for a wide range of amplitudes, and the B-type state is always unstable. In particular, the A-type state bifurcates off the symmetric coupled solitary wave and is stable when this symmetric state is unstable. The B-type state bifurcates off the antisymmetric coupled solitary wave.
These coupled solitary-wave solutions are related to the operation of a nonlinear fiber coupler in the following manner: An input signal consisting of a soliton in one of the cores is sent into the coupler. For an amplitude below a critical value, this single soliton evolves into a symmetric coupled solitary wave. Because this coupled solitary wave is symmetric, there is significant exchange of energy between the two cores, and so switching is achieved. However, if the initial soliton amplitude is above this critical value, the symmetric state is unstable, and the soliton evolves into an asymmetric A-type coupled solitary wave. The solitary wave in the other core is then of low amplitude, so there is little switching of the signal. From numerical studies it was found that the critical normalized peak power below which switching will occur is 6.59. 10 Although most studies of nonlinear fiber couplers have been numerical, Chu et al. 11, 12 used the Lagrangian method of Anderson 13 to obtain approximate ordinary differential equations that govern the evolution of an input soliton in a fiber coupler. They showed that these ordinary differential equations could be solved in terms of elliptic functions. In particular, they found that the approximate equations possessed fixed points corresponding to the symmetric and antisymmetric coupled solitary waves and the A-type coupled solitary wave. They also found that the approximate equations gave solutions in reasonable agreement with full numerical solutions of the coupled NLS equations. The authors found reasonable agreement with full numerical solutions, but their approximate method suffered from the drawback that it did not include the dispersive radiation shed as the pulses evolve, a point made by Akhmediev and Soto-Crespo. 9 Their approximate coupled solitary wave solutions will therefore not evolve to a steady state but will oscillate about the appropriate steady state.
Here we investigate the evolution of a single soliton input into a nonlinear twin-core fiber coupler, using a Lagrangian method based on the research of Kath and Smyth 14 for the NLS equation. They investigated the evolution of a soliton from an initial condition for the NLS equation, and found excellent agreement between the solutions of the approximate equations obtained from their Lagrangian approach and full numerical solutions of the NLS equation. This approximate method has the advantages over the method of Anderson 13 that (i) it explicitly includes the effect of the dispersive radiation shed as the soliton evolves and (ii) it uses a trial function for the solution whose form can be justified from the perturbed inverse scattering solution of Gordon 15 for the NLS equation. In extensions of this study, Kath and Smyth 16, 17 applied this approximate method to two different sets of coupled NLS equations describing soliton propagation in a nonlinear birefringent optical fiber and again found good agreement with full numerical solutions. In these extensions it was again found that dispersive radiation has a major effect on the soliton evolution. Here we apply the Lagrangian method of Kath and Smyth 14 to obtain approximate ordinary differential equations that describe the evolution of a soliton input in a nonlinear twin-core fiber coupler. In agreement with the results of previous studies that used this method, we found that the radiation shed as the pulse evolves has a significant effect on the prediction of the switching of the input soliton between the two cores and that much better agreement is obtained with numerical solutions than was found by Chu et al. 11, 12 For example, we found that without the inclusion of the dispersive radiation, the amplitudes of the pulses in the two cores are significantly overpredicted.
APPROXIMATE EQUATIONS
Let us assume that the nonlinearity in the optical fibers that make up the twin-core fiber coupler can be described by the Kerr effect. Let us also assume that attenuation in the fiber and higher-order dispersive effects can be neglected. Under these assumptions, Trillo et al. 3 showed that a nonlinear fiber coupler is described by the coupled NLS equations
Here u and v are the field amplitudes in the two cores, z is the distance down the fiber normalized in soliton units, and t is the normalized time (in a frame moving with the linear group velocity). The parameter K is the coupling parameter, which is the ratio of the soliton period to the coupling length of the coupler.
We now obtain approximate solutions of these coupled equations, using the Lagrangian method of Kath and Smyth. 14 As the boundary condition we assume that a soliton is sent into the coupler through one of the cores, so that
The system of Eqs. (1) has the Lagrangian
where * denotes the complex conjugate. To obtain approximate solutions of coupled NLS equations (1) we assume the forms
for u and v. Here , w, P, , , and g are functions of z.
These forms are similar to those used by Kath and Smyth for the NLS equation 14 and for coupled NLS equations. 16, 17 The first term in each of these equations represents a varying solitary wave, which gives the evolution of the pulses in the coupler. The second term represents the effect of the (low-frequency) dispersive radiation in the vicinity of the pulses. The dispersive radiation in the vicinity of the pulses is assumed to have no t dependence for two reasons. One is that this is what is observed from numerical solutions of coupled NLS equations (1), as in Refs. 14, 16, and 17. The other is that the perturbed inverse scattering solution of Gordon 15 for a near-soliton initial condition for the NLS equation shows that the dispersive radiation in the vicinity of the soliton is of low frequency.
14 The dispersive radiation in the vicinity of the pulses then forms shelves under these pulses. As the dispersive radiation is of small amplitude relative to the pulses, we assume that ͉g͉ Ӷ . It can also be seen from the trial functions [Eqs. (4) ] that the dispersive radiation for each pulse is assumed to have the same polar dependence as the pulse that generates it. If it were assumed that the radiation is of the form g cos R exp(i Ϫ i/2) for u and g sin R exp(i ϩ i/2) for v, then the resulting variational equations would give P ϭ R. Hence, for simplicity, we shall take P ϭ R from the outset. The final point to be noted about the forms of Eqs. (4) is that the dispersive radiation cannot continue to be independent of t away from the pulses. As in Ref. 14, we therefore assume that the form of the dispersive radia-tion in Eqs. (4) holds for Ϫl/2 Ͻ t Ͻ l/2. The form of the radiation outside this range is determined in Section 3. Furthermore, the value of l is determined by examination of the variational equations near a fixed point.
The trial functions [Eqs. (4) ] are now substituted into the Lagrangian [Eq. (3)], from which the averaged Lagrangian,
is obtained as
when we use ͉g͉ Ӷ . Taking variations of this Lagrangian with respect to , w, g, , P, and , and after some manipulation, we obtain the ordinary differential equations
for the evolution of the pulses in the coupler. Coupled NLS equations (1) have the conservation equations
which, following Kaup and Newell, 18 can be referred to as mass and energy conservation, respectively. When we substitute the trial functions [Eqs. (4) ] into these conservation equations, Eq. (13) gives variational equation (12) , so this variational equation expresses mass conservation. Energy equation (14) gives
The full set of ordinary differential equations that we use in the present paper to describe the propagation of an input pulse through a nonlinear fiber coupler is then Eqs. (7)- (11) and (15) . The variational equation for conservation of mass [Eq. (12)] has been replaced by energyconservation equation (15) because, as is shown in Section 3, to first order, dispersive radiation takes away mass, but not energy, from the pulses. Hence one can use the energy-conservation equation, but not the massconservation equation, to determine the final steady state of the pulses. The system of Eqs. (7)- (11) and (15) has two types of fixed point. Let us denote fixed point values of quantities byˆ. The first type of fixed point then has P ϭ /4, ϭ 0, and ŵ ϭ ͱ2/ , with the solution of 3 ϩ 12K cos ϩ ͱ2H 0 ϭ 0.
(16)
Here H 0 is the value of H at z ϭ 0. These fixed points correspond to symmetric NLS solitons in each fiber for ϭ 0 and to antisymmetric NLS solitons for ϭ and are the symmetric and antisymmetric soliton states of Refs. 7-9. The other type of fixed point has ϭ 0, and
where is the solution of
These fixed points correspond to the asymmetric A-type and B-type coupled solitary waves of Refs. 7-9 for ϭ 0 and ϭ , respectively. The A-type coupled solitary wave was noted from numerical studies of a fiber coupler by Wright et al. 19 The symmetric coupled solitary wave and the A-type coupled solitary wave were also found by Chu et al., 11, 12 who used the chirp Lagrangian method of Anderson.
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As was shown in Refs. 7-9, the B-type coupled solitary wave is always unstable, and the antisymmetric soliton state is unstable for nearly all values of its amplitude. These two coupled states will therefore play no further role in the present discussion of a fiber coupler.
DISPERSIVE RADIATION
To complete the variational equations derived in Section 2 we must include the effect of the dispersive radiation shed as the pulses evolve. Without the inclusion of the effect of this radiation, the pulses in the cores cannot evolve to a steady state. The effect of the dispersive radiation is found in the same way as by Kath and Smyth. 14 Because the dispersive radiation is of small amplitude, it can be seen from coupled NLS equations (1) that, away from the pulses, this radiation is governed by
Integrating Eqs. (20) from the edge of the shelf at t ϭ l/2 to t ϭ ϱ then gives, after some manipulation,
Equation (21) gives the mass radiating from the pulses for t Ͼ l/2. By symmetry, this is the same as the mass radiating for t Ͻ l/2. Proceeding as did Kath and Smyth, 14 we can solve linear equations (20) by using Laplace transforms in z and then u t is related to u and v t is related to v by using the convolution theorem. As the details are similar to those given by Kath and Smyth, they will not be repeated here, and only the final result will be given. It should be noted, however, that the dispersive radiation in the u core and that in the v core have been assumed to be proportional to each other. 4 Under this assumption the terms in K in Eqs. (20) lead to phase terms only in the solutions for u and v, which do not contribute to the mass loss that is due to dispersive radiation.
As in Ref. 14, it can be shown that the mass loss to dispersive radiation is given by
where r is given by
S ϭ sin͑2P ͒.
Physically, the height of the shelf for the u pulse is r cos P and the height of the shelf for the v pulse is r sin P. As in Ref. 14, the mass loss given by Eq. (22) is then added to the variational equation (8) for g, so Eq. (8) becomes
where
The final quantity left to be determined is the length l of the shelf. As in Kath and Smyth, 14 this quantity is determined by the requirement that the frequency of the oscillations of the system of Eqs. (7)- (11) and (15) near a fixed point be equal to the oscillation frequency of the relevant coupled solitary wave. This requirement then gives that
The final set of approximate equations that govern the nonlinear coupler is then Eqs. (7)- (11), with Eq. (8) for g replaced by Eq. (26), and (15). These equations were solved numerically by a fourth-order Runge-Kutta scheme, and the integral in Eq. (27) was evaluated by the numerical method of Miksis and Ting. 20 In solving these equations we found that it was better to let ␣ and l depend on the local values of , w, P, and rather than on their fixed point values, as this allowed the system to respond to the local conditions. Therefore in solving the equations we replaced Eqs. (27) and (28) by
A similar replacement of by in l was also made by Kath and Smyth 14 in their study of pulse evolution for the NLS equation. Here we have found that using Eq. (29) instead of Eq. (27) for ␣ resulted in a slight improvement in the agreement with full numerical solutions. On the other hand, the use of Eq. (30) instead of Eq. (28) for the shelf length l resulted in significantly improved agreement with full numerical solutions when the pulse parameters were well away from their fixed-point values. In Section 4 we compare solutions of the approximate equations with full numerical solutions of coupled NLS equations (1) 
RESULTS
In terms of the fixed points of the approximate equations found Section 3, a nonlinear fiber coupler works in the following manner. A NLS soliton of the form of Eqs. (2) is input into the u core of the coupler. For low enough values of A (i.e., for low enough values of H), the symmetric coupled solitary wave is stable, and the system evolves to this state. Because this state involves significant oscillation between the two cores, switching occurs. However, if the value of A is large enough (i.e., H is large enough), the asymmetric A-type coupled solitary wave is the stable state. Because for this state there is little oscillation from the u to the v core, there is minimal switching. From fixed-point conditions (17) and (19) 10 Using the chirp Lagrangian approximation of Anderson, 13 Chu et al. 11, 12 found a critical value of 6. So the present approximate equations give a better approximation of the critical value of A 2 /K below which switching occurs than does the approximation of Anderson.
The efficiency of the switching in the nonlinear coupler can be measured by the optical energy transmission coefficient for the core u, defined by
The critical initial optical energy at which the steady state changes from a symmetric coupled solitary wave to an asymmetric A-type solitary wave is
when approximation (31) is used. Figure 1 shows the transmission coefficient T as a function of the initial optical energy scaled by E 0c for a /2 coupler (K ϭ /2 and z ϭ 1). As well as the transmission coefficient calculated from the full numerical solution of coupled NLS equations (1) and from the present approximate equations, the transmission coefficient as determined by the chirp Lagrangian method of Anderson 13 is also shown, as was done in Ref. 12 . It can be seen that the present approximate equations give a transmission coefficient in much better agreement with the numerical results than do the approximate equations of Ref. 12 . In particular, the present approximate method gives much better agreement for the first peak of the transmission coefficient and the rise to this peak. Furthermore, the present method gives a better approximation to the period of oscillation of the transmission coefficient. Even though the present approximate equations give better agreement with full numerical solutions, there is still not complete agreement. This problem is due first to the approximate equations' being a finite-degree approximation of the full dynamics of the pulse evolution and second to the fact that the calculation of the radiation shed as the pulses evolve is still approximate. Figure 2 shows the amplitudes of the pulses in the cores as a function of z at t ϭ 0. Shown are the amplitudes as given by the full numerical solution of coupled NLS equations (1), the solution of the present approximate equations, and the solution of the chirp equations of Refs. 11 and 12. The values K ϭ /2 and A ϭ 1.5 were used, so, from approximation (31), the pulses in the cores will evolve to the symmetric coupled solitary-wave solution given by Eq. (16) . It can be seen that the solutions of the present approximate equations are in excellent agreement with the numerical solutions for both cores, whereas the solutions of the chirp equations display an amplitude modulation that is not seen in the numerical solution. The origins of this amplitude modulation can be seen from Fig. 2(c) . In this figure the solutions of the present approximate equations with (␣ 0) and without (␣ϭ 0) the effect of the dispersive radiation are shown. When the dispersive radiation is neglected, Eq. (26) for g is replaced by Eq. (8) . It can be seen that, without the radiative loss from the pulses, the present approximate equations give a modulation to the pulse amplitude similar to that given by the chirp equations. It is therefore apparent that it is the neglect of the dispersive radiation that is causing the amplitude modulation in the solution of the chirp equations of Refs. 11 and 12.
An example of the process by which the pulses evolve to the asymmetric A-type coupled solitary wave is shown in Fig. 3 . This figure shows the amplitudes of the pulses in the cores as a function of z at t ϭ 0 for A ϭ 4.0 and K ϭ /2, so that, from approximation (31), A 2 /K is above the critical value for the asymmetric coupled solitary wave to form. Shown are the amplitudes as given by the full numerical solution of coupled NLS equations (1), the solution of the present approximate equations, and the solution of the chirp equations of Refs. 11 and 12. It can be seen that the chirp equations give an amplitude that has too large an oscillation. It can also be seen that the radiation damping of the present approximate equations is too large for the u pulse and not large enough for the v pulse. In some sense, the radiation damping of the approximate equations lies near the mean of the damping of the u and v pulses. Note from the full numerical solution that there is a lot of radiation shed near z ϭ 0 and that there is little radiation shed after this. However, Fig. 1 . Transmission coefficient T at z ϭ 1 for a nonlinear coupler as a function of the input energy E(0) normalized by the critical energy E 0c . Here K ϭ /2. Solid curve, numerical solution; longer-dashed curve, present approximate equations; shorter-dashed curve, approximate equations by the method of Anderson. 13 even though the radiation damping is not quite correct, the present approximate equations still give better results than do the chirp equations of Refs. 11 and 12.
Although the radiation damping in the approximate equations is not correct for cases for which the input pulse evolves to an asymmetric A-type coupled solitary wave, this problem is not so big a drawback as might first appear. This is so because the amplitudes of the oscillations of the pulses in the two cores are not large, as can be seen from Fig. 3 . This is especially the case for the u pulse. Figure 4 shows comparisons between the pulse profiles at z ϭ 10 given by the full numerical solution and by the approximate equations for A ϭ 4 and K ϭ /2. This value of z was chosen because the pulse amplitudes as given by the numerical and the approximate solutions differ significantly, as can be seen from Fig. 3 . Even with this choice, it can be seen that the numerical and approximate profiles are in very good agreement for the u pulse and that the agreement for the v pulse is quite good. Figure 4 also shows the approximate profiles calculated with and without the shelves. The inclusion of the shelf is seen to improve the agreement in the tails for the u pulse but to make only a slight improvement in the agreement in the tails for the v pulse. This is so because the approximate solution predicts a slower rate of amplitude decay for the v pulse than does the numerical solution, as can be seen from Fig. 3(b) . This result then implies that the height of the shelf for v is underpredicted by the approximate equations, in conformity with Fig. 4(b) . Figure 5 shows the same comparison as Fig. 4 , except for z ϭ 15. It can be seen that the agreement for the u pulse is similar to that shown in Fig. 4(a) and that the agreement for the v pulse is much better. The agreement for the v pulse is much better because the approximate amplitude has decayed to a value closer to the numerical one. Furthermore, because the amplitudes are closer, the radiation being shed by the pulse as predicted by the approximate equations is closer to the numerical value. Hence the shelf height as predicted by the approximate equations is in better agreement with the numerical solution.
CONCLUSIONS
We have used a variational method to investigate the switching of a soliton in a nonlinear twin-core fiber coupler. We showed that by using better choices of trial functions and by including the effect of the dispersive radiation shed as the pulses evolve in the coupler one obtains good agreement with full numerical solutions of the equations that govern the coupler. Better agreement was obtained than that obtained previously by the chirp variational method of Anderson 13 because, in particular, Anderson's method does not account for the dispersive radiation. We showed that the dispersive radiation has a major effect on the evolution of a pulse in a nonlinear coupler. The approximate equations derived by the present technique were used to investigate the switching properties of a /2 coupler, and excellent agreement was obtained between the transmission coefficient as predicted by the approximate equations and as found from full numerical solutions. The predicted critical value of the normalized peak power above which there is little switching between the cores was in better agreement with the numerical value than previous approximations were. Longer-dashed curve, ͉ cos P sech t/w͉ from the present approximate equations; shorter-dashed curve, ͉ cos P sech t/w ϩ ig cos P͉ from the present approximate equations. (b) ͉v͉. Longer-dashed curve, ͉ sin P sech t/w͉ from the present approximate equations; shorter-dashed curve, ͉ sin P sech t/w ϩ ig sin P͉ from the present approximate equations. Longer-dashed curve, ͉ cos P sech t/w͉ from the present approximate equations; shorter-dashed curve, ͉ cos P sech t/w ϩ ig cos P͉ from the present approximate equations. (b) ͉v͉. Longer-dashed curve, ͉ sin P sech t/w͉ from the present approximate equations; shorter-dashed curve, ͉ sin P sech t/w ϩ ig sin P͉ from the present approximate equations.
It was also found that the approximate equations give an excellent approximation to the evolution of an input soliton to a symmetric coupled solitary-wave steady state and give a good approximation to the evolution to an asymmetric A-type steady state. Again, dispersive radiation was shown to play an important role in this evolution.
